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INTRODUCTION 

Reasons for choosing the topic: Thin-shell structures with two 

curvatures are increasingly used due to their superior features such as load-

bearing capacity, high geometric flexibility, and light weight [1]. When the 

structure size is reduced to the micro level, size-dependent effects begin to play 

an important and indispensable role. These effects require the correction of 

classical mechanical models using advanced theories such as stress gradient 

theory, couple stress theory, or multi-field models. Based on the above 

practical and scientific needs, this research topic “Static and dynamic analysis 

of functionally graded doubly curved microshell” is necessary and has high 

scientific and practical significance. 

Research objectives: Specifically, the objectives are as follows: To 

build a model of a BFGP curved  microshell based on first-order and 

classical theories, stress gradient theory, or modified couple stress  theory. 

Research subject: doubly curved microshells (rectangular or elliptical 

projections). 

Scope of research: Linear analysis of problems: static bending and free 

vibration, static stability, dynamic stability, and forced vibration problems. 

Considering the influence of dimension effects through modified couple 

stress theory. 

Scope of research 

Linear analysis of the following problems: static bending and free 

vibration, static stability, dynamic stability, and forced vibration. 

Modeling of functionally graded materials (FGMs) with material 

properties varying in two directions, using the power-law distribution, while 

taking into account the effects of porosity. 

Investigation of size-dependent effects based on the Modified Couple 

Stress Theory (MCST). 

The material layers are assumed to be perfectly bonded without 

delamination, and the structures are subjected to small loads, such that 

geometrically nonlinear deformation effects are neglected. 

Research methodology: 

- Theory: Construct a mathematical model based on first-order shear 

strain theory and classical shear strain theory combined with improved mass 

stress pair theory (MCST). 

- Method: Use the isogeometric analysis method (IGA). 



 
 

Scientific and practical significance: 

- Scientifically: The thesis contributes to the refinement of the theory of 

analyzing bi-directional functionally graded porous microshells. 

- Practically: The research and calculation results can be applied in the 

design and optimization of technical components and parts with micro-shell 

structures. 

Thesis Structure: The thesis is presented in four chapters, in addition 

to the introduction, conclusion, recommendations, and bibliography: 

Chapter 1: Overview of research on functionally graded doubly curved 

microshells. Chapter 2: Construction of the mechanical behavior problems 

of functionally graded doubly curved microshells using the isogeometric 

analysis method. Chapter 3: Evaluation of the influence of parameters on 

the static response of functionally graded doubly curved microshells. 

Chapter 4: Evaluation of the influence of parameters on the dynamic 

response of functionally graded doubly curved microshells.  

CHAPTER 1: OVERVIEW OF RESEARCH ON FUNCTIONALLY 

GRADED DOUBLY CURVED MICROSHELLS 

1.1. Overview of the research 
1.1.1 Research on doubly-curved microshells 

From the research studies analyzed above, it can be seen that most 

studies focus on: Homogeneous shells or multilayer composites. Size 

effects when shells are scaled down to the micro/nano level are not 

considered. Only one-dimensional functionally graded materials (1D-

FGM) are considered. 
1.1.2 Research on FGM materials 

Figure 1.21 describes the number of scientific publications related 

to the keyword "FGM material" in the last 39 years. Data was compiled 

from the Google Scholar academic platform (as of August 2024)[3]. 
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Figure 0.1. The number of scientific publications related to the 

keyword "FGM material" in the last 39 years 
1.1.3 Study of the size dependent 

For micro/nano structures, classical theory is no longer accurate 

enough because it ignores size effects, interparticle interactions, and stress 

gradients. Several advanced theories exist, such as: Classical Couple 

Stress Theory (CST); Modified Couple Stress Theory (MCST); Stress 

Gradient Theory (SGT); Strain Gradient Theory (SGT); or Nonlocal 

Elasticity. 
1.1.4 Optimization Study of FGM Structures 

Through analysis, we can see that several research directions have 

addressed optimizing the FGM distribution to: Reduce structural mass, 

increase natural vibration frequencies, and reduce stress concentration. 
1.1.5  Orientation for applying the research results of the thesis 

The research findings of this thesis not only contribute to the 

refinement of microstructural analysis theory but also have the potential 

for direct application in key areas of mechanical engineering. 
1.1.6 Conclusion of Chapter 1 

Chapter 1 presented an overview of the scientific basis and research 

status, both domestically and internationally, related to two-curvature 



 
 

shell structures, FGM materials, theories considering size-dependent 

effects, and approaches to structural optimization. 

Regarding the research object: Most existing studies focus on simple 

beams, plates, or shells (such as cylindrical and spherical shells) at 

conventional macro-scale dimensions. Comprehensive investigations of 

doubly curved shells at the micro-scale remain relatively limited. 

Research orientation of the dissertation: This dissertation aims to 

address the static, dynamic, and structural optimization problems of 

micro-scale doubly curved shells made of two-directional functionally 

graded materials (2D-FGMs), while accounting for size-dependent effects 

through advanced theoretical models. The research employs the 

isogeometric analysis (IGA) method in combination with modern 

optimization algorithms. The expected results will contribute to 

improving the theoretical modeling framework and enhancing the 

accuracy of predicting the mechanical behavior of such structures, while 

also expanding their potential applications in the design and fabrication 

of advanced micro-scale engineering systems. 

Chapter 2: construction of the mechanical behavior problems 

of functionally graded doubly curved microshells using the 

isogeometric analysis method 
2.1. Model of the doubly curved micro-shell and assumptions 

Consider a doubly curved microshell with a rectangular planform, 

supported on a Pasternak elastic foundation with geometric parameters as 

shown in Figure 2.1.  
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Figure 0.1. Model of microshell with a rectangular planform 



 
 

For a doubly curved microshell with an elliptical planform with radii 

𝑅1, 𝑅2 respectively, it is described as shown in Figure 2.2 below: 
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Figure 0.2. Model of microshell with an elliptical planform 

2.2. Material model 

 - For microshell with a rectangular planform: 

𝐸(𝑥, 𝑧) = 𝐸𝑚 + (𝐸𝑐 − 𝐸𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
𝑥

𝑎
)
𝛼𝑥

− 𝜗(𝐸𝑐 + 𝐸𝑚) 
(2.1a) 

𝜌(𝑥, 𝑧) = 𝜌𝑚 + (𝜌𝑐 − 𝜌𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
𝑥

𝑎
)
𝛼𝑥

− 𝜗(𝜌𝑐 + 𝜌𝑚) 
(2.1b) 

𝛼̅(𝑥, 𝑧) = 𝛼̅𝑚 + (𝛼̅𝑐 − 𝛼̅𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
𝑥

𝑎
)
𝛼𝑥

− 𝜗(𝛼̅𝑐 + 𝛼̅𝑚) 
(2.1c) 

𝑣(𝑥, 𝑧) = 𝑣𝑚 + (𝑣𝑐 − 𝑣𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
𝑥

𝑎
)
𝛼𝑥

− 𝜗(𝑣𝑐 + 𝑣𝑚) 
(2.1d) 

 - For microshell with an elliptical planform: 

E(𝑥, 𝑧) = E𝑚 + (E𝑐 − E𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
|𝑥|

𝑅1
)

𝛼𝑥

− 𝜗(E𝑐 + E𝑚) 

(2.2a) 

𝜌(𝑥, 𝑧) = 𝜌𝑚 + (𝜌𝑐 − 𝜌𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
|𝑥|

𝑅1
)

𝛼𝑥

− 𝜗(𝜌𝑐 + 𝜌𝑚) 

(2.1b) 

𝛼̅(𝑥, 𝑧) = 𝛼̅𝑚 + (𝛼̅𝑐 − 𝛼̅𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
|𝑥|

𝑅1
)

𝛼𝑥

− 𝜗(𝛼̅𝑐 + 𝛼̅𝑚) 

(2.1c) 



 
 

𝑣(𝑥, 𝑧) = 𝑣𝑚 + (𝑣𝑐 − 𝑣𝑚) (
1

2
+
𝑧

ℎ
)
𝛼𝑧

(
|𝑥|

𝑅1
)

𝛼𝑥

− 𝜗(𝑣𝑐 + 𝑣𝑚) 

(2.1d) 

Table 0.1. Some material properties and parameters [4] 

materia 

properties 

E 

(GPa) 

𝜌 

(kg/m3) 

v 𝛼 (𝐾−1) 𝛽 

(%H2O)
−1 

𝐴𝑙 70 2707 0.3 23x10-6 0.44 

𝐴𝑙2𝑂3 380 3800 0.3 7x10-6 0.001 

2.3. Displacement and Strain Fields 

Based on Kirchhoff-Love's classical shear deformation theory [5], 

we have the displacement field: 

{
 
 

 
 𝑢𝑥 = (1 +

𝑧

𝑅𝑥
)𝑢0(𝑥, 𝑦, 𝑡) − 𝑧𝑤0,𝑥(𝑥, 𝑦, 𝑡)

𝑢𝑦 = (1 +
𝑧

𝑅𝑦
)𝑣0(𝑥, 𝑦, 𝑡) − 𝑧𝑤0,𝑦(𝑥, 𝑦, 𝑡)

𝑢𝑧 = 𝑤0(𝑥, 𝑦, 𝑡)           

 (2.3) 

The strain field can be rewritten as a vector as follows: 

{

𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦

} = [1 𝑧 𝑧2]𝛆
𝑏; {
𝜀𝑥𝑧
𝜀𝑦𝑧
} = [1 𝑧]𝜺𝑠; 𝛆𝑏 =

{

𝜺1
𝑏

𝜺2
𝑏

𝜺3
𝑏

} ; 𝜺𝑠 = {
𝜺1
𝑠

𝜺2
𝑠} ;   

(2.4) 

2.4. Relationship between stress and strain 
2.4.1. Modified couple stress theory. 

 Based on the MCST, the stress-strain relationship of a microshell is 

described as follows [6]: 

𝜎𝑖𝑗 = 𝜆𝜀𝑘𝑘𝛿𝑖𝑗 + 2𝜅𝜀𝑖𝑗 − ∆𝑇𝛼̅(𝑥, 𝑧)𝛿𝑖𝑗 (2.5a) 

𝜓𝑖𝑗 = 2𝜅𝑙𝜃𝑖𝑗 (2.5b) 



 
 

2.4.2. Expanded form of the stress-strain relationship 

𝝈 =

{
 
 

 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦
𝜎𝑥𝑧
𝜎𝑦𝑧}

 
 

 
 

=

[
 
 
 
 
𝐶11 𝐶12 0 0 0
𝐶12 𝐶22 0 0 0
0 0 𝐶66 0 0
0 0 0 𝐶55 0
0 0 0 0 𝐶44]

 
 
 
 

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦
𝜀𝑥𝑧
𝜀𝑦𝑧}

 
 

 
 

−

∆𝑇𝛼̅(𝑥, 𝑧)

{
 
 

 
 
1
1
0
0
0}
 
 

 
 

= [
𝐐𝑏 𝟎
𝟎 𝐐𝑠

] {𝛆
𝑏

𝛆𝑠
} − ∆𝑇𝛼̅(𝑥, 𝑧)𝛆𝑡ℎ;  

(2.6) 

2.5. Energy components and weak forms 

 The strain energy of the of the micro-shell 𝛿𝒰 is determined as 

follows: 

𝛿𝒰 = ∫ ∫ {𝜎𝑖𝑗𝛿𝜀𝑖𝑗 + 𝜓𝑖𝑗𝛿𝜃𝑖𝑗}
ℎ/2

−ℎ/2

𝑑𝑧𝑑𝑥𝑑𝑦
𝑆𝑒

= ∫ (𝝈̂𝛿𝜺̂ + 𝝍̂𝛿𝜽̂)𝑑𝑥𝑑𝑦
𝑆𝑒

 

(2.7) 

2.6. Solution Method 
2.6.1. IGA method 

The IGA control grid model is described in Figure 2.3: 

  
a) rectangular b) elliptical 

Figure  0.3. The shell's control point model is an isogeometric method. 

The differential equation describing the oscillation state of the shell 

can be expressed in a concise form as follows [7]:  

𝑴𝒒̈ + 𝑪𝒒̇ + 𝑲𝐿𝒒̅ = 𝑭(𝒕) (2.8) 



 
 

2.6.2. Boundary Conditions 

The boundary conditions used in this thesis are: CCCC, SSSS.  
2.6.3. Basic Problems 

a. Static bending problem 

 𝑲𝒒̅ = 𝑭 (2.9) 

b. The problem of free oscillation 

  

 |𝑲 − 𝜔𝑚𝑛
2 𝑴|𝒒̅ = 𝟎 (2.10) 

c. Dynamic stability problem 

𝑴𝒒̈ + [𝑲 + 𝑲𝑓 +𝑲𝑇 − 𝑃𝑐𝑟(𝛽 + 𝜓𝑐𝑜𝑠(𝜔𝑡))𝑲𝐺]𝒒̅ = 𝟎 (2.11) 

d. Forced oscillation problem 

𝑴𝒒̈ + 𝑪𝒒̇ + 𝑲𝐿𝒒 = 𝑭(𝒕) (2.12) 

2.7. Kết luận chương 2 

This chapter has established the fundamental and important structural 

behavior problems, including: the static bending problem, the natural 

vibration problem, the dynamic stability problem, and the dynamics 

problem. 

Some Notable Novel Contributions of the Dissertation in Chapter 2 

Modeling of micro-scale doubly curved shells made of two-

directional functionally graded materials (2D-FGMs) based on the 

Modified Couple Stress Theory (MCST). 

Considering the length-scale parameter as a variable quantity, similar 

to other mechanical properties of the material. 

The Isogeometric Analysis (IGA) method is combined with the 

Botion and Newmark methods to formulate the governing equations for 

dynamic stability, free vibration, and forced vibration problems. 

Formulation of fundamental problems for micro-scale doubly curved 

shells made of two-directional functionally graded materials, together 

with corresponding flowcharts for solving these problems, providing a 

basis for implementing computational programs using MATLAB 2018a 

 



 
 

Chapter 3: Evaluation of the influence of parameters on the static 

response of functionally graded doubly curved microshells   

3.1. Setting input parameters 
4.1.1. Assessing the reliability of the method 

Table 0.1. Compare the natural  frequency 𝛺1
∗ of FG microplate 

  𝛼𝑧 = 0 𝛼𝑧 = 1 𝛼𝑧 = 10 

𝑎/ℎ 𝑙/ℎ [8] Thesis [8] Thesis [8] Thesis 

20 0.2 6.4027 6.4424 4.9568 4.9834 4.0323 4.0657 

0.4 7.6708 7.7081 6.0756 6.1016 4.7488 4.7755 

0.8 11.4108 11.4478 9.2887 9.3171 6.9013 6.9216 

1 13.5545 13.5934 11.1042 11.1352 8.1494 8.1691 

100 0.2 6.4534 6.4551 4.9922 4.9940 4.0725 4.0751 

0.4 7.7217 7.7233 6.1126 6.1146 4.7840 4.7866 

0.8 11.4689 11.4704 9.3344 9.3370 6.9345 6.9375 

1 13.6186 13.6202 11.1560 11.1589 8.1846 8.1880 

3.2. Assessing the impact of input parameters. 
4.1.2. Influence of the material's volume coefficient 

Table 0.2. The dimensionless first frequency result 𝛺̅1 of the 

microshell with rectangular planform (CCCC) 

Shell Porous 

 𝛼𝑥 = 𝛼𝑧 = 𝛼 

𝑙𝑐
/ℎ 

0 0.5 1 2 5 10 

SP 

shell 

E 

0 4.6354 2.3974 2.0116 1.7929 1.6866 1.6681 

0.5 5.9442 2.7776 2.2593 1.9691 1.8257 1.7987 

1 8.7633 3.6768 2.8673 2.4173 2.1890 2.1420 

U 

0 4.4274 2.4030 2.0319 1.8186 1.7137 1.6952 

0.5 5.7732 2.8257 2.3149 2.0256 1.8808 1.8527 

1 8.6273 3.8091 2.9982 2.5428 2.3086 2.2588 

CY 

shell 

E 

0 4.3139 2.2175 1.8575 1.6535 1.5535 1.5356 

0.5 5.6960 2.6239 2.1233 1.8430 1.7032 1.6762 

1 8.5972 3.5620 2.7615 2.3156 2.0876 2.0398 

U 0 4.1199 2.2231 1.8765 1.6769 1.5778 1.5599 



 
 

0.5 5.5398 2.6741 2.1797 1.8993 1.7575 1.7294 

1 8.4732 3.6979 2.8950 2.4432 2.2090 2.1584 

SAD 

shell 

E 

0 4.0688 2.0787 1.7388 1.5468 1.4511 1.4332 

0.5 5.5128 2.5089 2.0209 1.7479 1.6102 1.5827 

1 8.4777 3.4793 2.6843 2.2408 2.0123 1.9636 

U 

0 3.8854 2.0838 1.7564 1.5685 1.4736 1.4554 

0.5 5.3678 2.5606 2.0778 1.8043 1.6644 1.6356 

1 8.3625 3.6177 2.8198 2.3702 2.1355 2.0839 

plate 

E 

0 3.6136 1.8195 1.5156 1.3443 1.2572 1.2398 

0.5 5.1857 2.2995 1.8334 1.5721 1.4380 1.4099 

1 8.2696 3.3322 2.5470 2.1072 1.8775 1.8271 

U 

0 3.4499 1.8243 1.5311 1.3625 1.2754 1.2578 

0.5 5.0612 2.3549 1.8920 1.6289 1.4918 1.4624 

1 8.1701 3.4758 2.6866 2.2401 2.0041 1.9508 

4.1.3. Influence of length-scale parameters 

 

  

  

Figure 0.1. Impact of length-scale parameters 𝑙𝑐 , 𝑙𝑚 on frequency 

𝛺̅1 of the microshell with rectangular planform (SSSS, ∆𝑇 = 0) 



 
 

4.1.4. Influence of radius of curvature 

  

Figure 0.2. Impact of radius of curvature 𝑙𝑐 , 𝑙𝑚 on frequency 𝛺̅1 of the 

microshell with rectangular planform (∆𝑇 = 0) 

4.1.5. Some static bending results 

  

  
a.  b.  

Figure 0.3. The deflection of the midpoint of the micro saddle shell with 

different values of the ratio Ry/Rx 

  
a.  b.  

Figure 0.4. The deflection of the midpoint of the micro-sphere shell with 

different values of the ratio Ry/Rx 
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a.  b.  

Figure 0.5. The deflection of the midpoint of the micro-cylindrical shell 

with different values of the volume exponent k 

  
a.  b.  

Figure  0.6. The deflection of the midpoint of the micro-sphere shell with 

different values of the volume exponent k,  

  
a.  b.  

Figure 0.7. The deflection of the midpoint of the micro saddle shell with 

different values of the volume exponent k 

3.3 Conclusion of Chapter 3 

In Chapter 3, the thesis presented the algorithmic flowchart and used 

Matlab 2020b software to develop a program for calculating static 

bending, natural vibrations, and static stability of a micro-shell with two 

curvatures supported on a Pasternak elastic foundation. 
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As the volume fraction of the material increases, the proportion of the 

softer metallic constituent in the shell structure increases. Consequently, 

the structural stiffness decreases, leading to reductions in both the natural 

frequencies and the static buckling load of the micro-shell. 

For micro-scale structures, the length-scale parameter has a stiffening 

effect because it increases the strain energy of the structure. 

Consequently, both the natural frequencies and the buckling loads 

increase. 

The elastic foundation has an interactive effect and contributes to 

increasing the structural stiffness, whereas the presence of porosity 

reduces the mechanical properties and mass of the structure. However, 

due to the interaction between stiffness and mass, the natural frequencies 

may either increase or decrease. Nevertheless, the deflection and buckling 

load inevitably decrease. 

Under thermal environmental conditions, the temperature difference 

between the top and bottom surfaces induces a thermal stiffness matrix, 

which reduces the stiffness of the micro-structure. Consequently, the 

corresponding structural response quantities decrease. 

Chapter 4: Evaluation of the influence of parameters on the 

dynamic response of functionally graded doubly curved microshells 

4.2. Dynamic Load Model 
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Figure 0.1. Dynamic load models: a) rectangular impulse load (b) sine 

impulse load (c) triangular impulse load and (d) explosive impulse load 

(shock wave) 

4.3. The problem of evaluating the accuracy of the method 

4.3.1. The problem of dynamic stability 

  

a) b) 

Figure  0.2. The influence of the static force coefficient β on the 

instability region of the S-FGM plate 



 
 

4.3.2. Verification problem for the dynamics problem 

 

Figure  0.3. Responding to the deflection of a square figure 

under the effect of a rectangular load over time. 

4.4. Results of the dynamic stability problem 
4.4.1. Influence of the length  scale  coefficient 

  

  
Figure  0.4. The influence of the material length ratio l_c/h on 

the instability region of the cylindrical mciroshell with 

rectangular planfrom (SSSS, Type E) 



 
 

4.4.2. Ảnh hưởng của sự chênh lệch nhiệt độ 

 

  

  

Figure  0.5. The effect of temperature difference ∆T(K) on the 

instability region of the micro-cylindrical shell with rectangular 

planfrom (CCCC, Type E) 

4.4.3. Influence of porosity coefficient and static stability coefficient β 

  



 
 

  

Figure  0.6. Impact of porosity coefficient 𝜉 on the instability 

region of the micro-cylindrical shell with rectangular (SSSS) 

4.4.4. Influence of the material's volume coefficient 

  

  

Figure  0.7. Influence of the material's volume coefficient (𝑝𝑥 , 𝑝𝑧) on the 

instability region of the micro-spherical shell with rectangula 



 
 

4.5. Results of forced oscillation response 
4.5.1. Influence of material volume control coefficient 

 
Figure  0.8. The influence of the pz coefficient on the deflection response 

of the spherical shell under sinusoidal load (SSSS) 
4.5.2. Influence of the length scale factor 

 
Figure  0.9. The influence of the length scale coefficient  on the 

deflection response of cylindrical shells under rectangular loading. 

(SSSS) 



 
 

4.5.3. Influence of porosity coefficient 

 
Figure  0.10. The influence of porosity coefficient on the deflection 

response of saddle shells under explosive load. (SSSS) 
 

4.6 Orientation for applying the research results of the project. 

The research results of this thesis have wide applications in many 

areas of modern mechanical engineering, especially in the context of 

increasingly smaller mechanical systems and components, requiring high 

precision and operating in environments with complex loads. First, the 

eigenvectors, dynamic stability, and forced response models developed in 

this thesis can be directly applied in the design of sensors and actuators 

for microelectromechanical systems (MEMS/NEMS). By accurately 

describing the influence of size effects using modified couple stress 

theory, the thesis models allow for the prediction of the oscillation 

behavior of sensor membranes, resonant disks, and microstructured 

elements that are highly sensitive to model errors at the microscale. This 

is particularly important in optimizing eigenfrequency, improving 

sensitivity, and reducing vibration noise for micro-mechanical 

components. 



 
 

 
Figure 4.18 Application orientation for BFGP microshell. 

Currently, the problem of providing energy to maintain the operation 

of space exploration devices is a major challenge for scientists. Space 

exploration drones are becoming increasingly sophisticated, but they 

cannot function without the necessary energy. In this doctoral thesis, a 

model of a two-curved micro-shell was developed, analyzing the 

influence of the material's pore size coefficient, the size effect of the two-

curved micro-shell, and performing geometric optimization calculations 

to achieve extreme values in the static bending problem. The research 

results of this thesis are directly applied to problems such as designing 

photovoltaic cell surfaces to increase the structural efficiency of the shell; 

photothermal devices to increase heat absorption rates; integrated dome-

structured solar energy collectors; and devices to improve light collection 

and heat management, as shown in Figure 4.18, aiming to optimize the 

efficiency and photothermal energy collection capabilities for future 

micro-cell systems. 

4.7 Conclusion of Chapter 4 

This chapter presents the results of dynamic stability and forced 

vibration analysis of a two-curvature microshell under the action of 

different dynamic load conditions applied to an elastic foundation, taking 

into account the small size effect. 

Lower-order vibration modes primarily represent the participation of 

the overall mass and stiffness of the structure, thereby governing its 

fundamental response under dynamic loading. 



 
 

Higher-order vibration modes reflect local deformation and 

consequently increase stress concentrations at locations where the 

curvature changes. 

Opposite curvatures generate torsional and transverse shear effects, 

resulting in a significant reduction in the natural frequencies compared 

with those predicted by simplified theoretical models. 

Curvatures in the same direction enhance the bending stiffness, 

allowing the structure to redistribute internal forces and limit the 

amplitude of resonant vibrations. 

The combination of geometric parameters alters the spatial 

distribution of mass and stiffness, directly affecting the resonance 

frequency range and the damping characteristics of the overall system. 

Comparison between static and dynamic analyses: While static 

analysis only describes the distribution of deflection and internal forces 

under equilibrium conditions, dynamic analysis demonstrates that 

geometric parameters, such as the radius of curvature and thickness-to-

length ratio, have a strong influence on the resonance range and potential 

failure modes—effects that cannot be predicted from static analysis alone. 

CONCLUSIONS AND RECOMMENDATIONS 

1. New contributions of the thesis 

 This thesis has modeled and analyzed the static bending responses, 

natural vibrations, static and dynamic stability, and forced vibrations of a 

two-curved microshell made of a material with variable mechanical 

properties in two directions supported on an elastic foundation. The 

following are some of the main contributions of the thesis: 

- A model of the two-curved microshell was constructed from a 

material with variable mechanical properties along both the length and 

thickness of the shell, while also considering the influence of small size-

dependent effects. 

- The length-to-weight ratio coefficient varies like other mechanical 

properties of the material. 

- The thesis presents classical shear strain theory, first-order shear 

strain theory combined with improved stress-pair theory to fully analyze 

the mechanical behavior of the microshell structure, such as static 

bending, natural vibrations, stability, and forced vibrations. 



 
 

- The basic problems of the microshell structure and their 

corresponding block diagrams were developed for programming 

calculations in Matlab software. 

- Initially, using optimization knowledge to find suitable sets of 

values helps to shorten calculation time in practical studies. 

- The research results serve as a reference in the calculation and 

design of nanostructures subjected to static and dynamic loads commonly 

found in electronic devices such as sensors and electronic chips. 

2. Comments and suggestions 

 Based on the results achieved in this thesis, several further research 

directions can be developed as follows: 

- Studying the static and dynamic responses of micro-shell structures, 

taking into account the influence of geometric nonlinearity, material 

nonlinearity, and complex loads. 

- Considering the viscoelasticity of materials and the environment in 

the calculation of microstructures. 

- Developing numerical methods such as finite element, isometric, 

and meshless methods for analyzing micro-shell structures. 

- Calculating the shape optimization and material optimization 

problems for micro-shells. 
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